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ON A CLASS OF BURCH IDEALS AND A
CONJECTURE OF HUNEKE AND WIEGAND
OLGUR CELIKBAS AND TOSHINORI KOBAYASHI
ABSTRACT. In this paper we are concerned with a long-standing conjecture of Huneke
and Wiegand. We introduce a new class of ideals and prove that each ideal from such class
satisfies the conclusion of the conjecture in question. We also study the relation between
the class of Burch ideals and that of the ideals we define, and construct several examples
that corroborate our results.
1. INTRODUCTION
Throughout R denotes commutative, Noetherian local ring with unique maximal ideal
m and residue field k. Moreover, all R-modules are assumed to be finitely generated.
The present paper addresses the ideal case of a long-standing conjecture of Huneke and
Wiegand; see [13, 4.6 and the discussion following the proof of 5.2]. The version of the
conjecture we are concerned with can be stated as follows:
Conjecture 1.1. (Huneke and Wiegand [13]) If R is a one-dimensional local domain and
I is a non-principal ideal of R, then I⊗R I
∗ has (nonzero) torsion, where I∗ = HomR(I,R).
The motivation of Conjecture 1.1 comes from a celebrated conjecture of Auslander and
Reiten [2], as well as from the pioneering work of Huneke and Wiegand [13]. There are
several partial affirmative results concerning Conjecture 1.1 in the literature; for exam-
ple, it is remarkable that Conjecture 1.1 holds over hypersurface rings [13, 3.1] and over
Cohen-Macaulay local rings of minimal multiplicity [14, 3.6]. However, there is not much
known about the conjecture, in general. In fact, Conjecture 1.1 remains open, even if R is
Gorenstein and I is minimally generated by two elements. An affirmative answer in this
direction was initially established in [12]: Conjecture 1.1 holds if R is Gorenstein, and both
I and I∗ are minimally generated by two elements; this fact implies that Conjecture 1.1 is
true over Gorenstein domains of multiplicity at most five; see also [11, 1.5] and [14, 3.1].
The aim of this paper is to make progress on Conjecture 1.1: we introduce a new class
of ideals over local rings, and prove that each ideal from such class satisfies the torsion
conclusion of Conjecture 1.1; see Theorems 2.5 and 2.8, and also Corollary 2.10. A con-
sequence of our main result can be stated as follows; see Corollary 2.11.
Theorem 1.2. Let (R,m) be a one-dimensional local domain which is not regular, and let
I and J be ideals of R. Assume 0 6= I ⊆ mJ and (I :R J) = (mI :R mJ). Then I⊗R I
∗ has
(nonzero) torsion.
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Theorem 1.2 implies that each integrally closed ideal, m-full ideal, weaklym-full ideal,
and each ideal of the form mK, where K is an ideal of R, (in particular each power of the
maximal ideal m) satisfies the torsion conclusion of Conjecture 1.1; see Proposition 2.4
and Corollary 2.14. Therefore, Theorem 1.2 recovers and extends the main theorems of
[5] and [7] concerning Conjecture 1.1; see [5, 2.17] and [7, 1.5].
An ideal I defined as in Theorem 1.2 is a Burch ideal. The notion of a Burch ideal is
a newcommer which has been recently defined and studied by Dao, Kobayashi and Taka-
hashi in [9]; see Definitions 2.1, 3.1 and Proposition 3.8. Burch ideals enjoy interesting
properties and they are of interest to us. Therefore, besides making progress on Conjec-
ture 1.1, we examine the relationship between the ideals we introduce in Theorem 1.2 and
Burch ideals; see Section 3. Furthermore, in section 4, we construct various new examples,
including examples of Burch ideals which are not weakly m-full in the sense of [6, 3.7];
see also Definition 2.1.
2. REMARKS, MAIN RESULTS AND COROLLARIES
Recall that an ideal I of a local ring (R,m) is called weakly m-full [6] provided that
I = (mI :R m). In [6] weakly m-full ideals were studied; there it was proved that each
weakly m-full ideal satisfies the torsion conclusion of Conjecture 1.1. The aim of this
paper is to generalize the notion of a weakly m-full ideal, and introduce a new class of
ideals which, in particular, support Conjecture 1.1. For that we define:
Definition 2.1. Let R be a local ring, and let I and J be ideals of R. We say I is weakly
m-full with respect to J provided that (I :R J) = (mI :R mJ).
Note, according to Definition 2.1, if I is a proper ideal of R, then I is weaklym-full with
respect to R if and only if I = (mI :R m), i.e., I is weakly m-full in the sense of[6, 3.7].
Hence Definition 2.1 can be viewed as an extension of the notion of a weakly m-full ideal.
In this section we give some examples of weakly m-full ideals with respect to other
ideals. More precisely, we prove that weakly m-full ideals, as well as integrally closed
ideals over local rings of positive depth, are weaklym-full with respect toms for each s≥ 0;
see Remark 2.2 and Proposition 2.4. Subsequently, we prove our main results, namely
Theorems 2.5 and 2.8, and give several corollaries of our argument. To wit, Corollary
2.10 is the main consequence: it establishes a Tor-rigidity property of the class of ideals
considered in Theorem 1.2. Similarly, Corollary 2.11 proves the claim given in Theorem
1.2 and Corollary 2.14 lists two new classes of ideals satisfying the torsion conclusion of
Conjecture 1.1.
Some examples of weaklym-full ideals with respect to other ideals. Examples of weakly
m-full ideals with respect to other ideals are abundant: for example, each weakly m-full
ideal – besides being weakly m-full with respect to R – is also weakly m-full with respect
to ms for each s≥ 0. We record this fact next:
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Remark 2.2. Let (R,m) be a local ring and let I be an ideal of R. If (I :Rm
s)= (mI :Rm
s+1)
for some integer s≥ 0, then, for each integer u≥ s, it follows that
(2.2.1) (I :R m
u) =
(
(I :R m
s) :R m
u−s
)
= (mI :R m
s+1) :R m
u−s
)
= (I :R m
u+1).
The second equality in (2.2.1) is due to the fact that, if L is an ideal of R, and a and b are
nonnegative integers, then the equality
(
(L :R m
a) :R m
b
)
= (L :R m
a+b) holds.
Note (2.2.1) implies that, if I is weakly m-full, then I is weakly m-full with respect to
mi for each integer i≥ 0. 
Another source of weakly m-full ideals is the class of integrally closed ideals: Goto
[10, 2.4] proved that, if k is infinite, then non-nilpotent integrally closed ideals are m-full,
and hence are weakly m-full. Next we obtain a similar result, which is independent of the
finiteness of the residue field, over local rings of positive depth. To prove this, we make
use of the next equality which follows by the definition of colon ideals.
Remark 2.3. If (R,m) is a local ring and I is an ideal of R, then mI =m(mI :R m).
Throughout soc(R) denotes the socle of a local ring (R,m), i.e., soc(R) = (0 :R m).
Proposition 2.4. Let (R,m) be a local ring and let I be an integrally closed ideal of R.
Assume depth(R) > 0. Then I is weakly m-full. In particular, I is weakly m-full with
respect to ms for each integer s≥ 0.
Proof. Note that, since R has positive depth, we have soc(R) = 0 so that m is a faithful
R-module. Let x ∈ (mI :R m). Then it follows that mI ⊆ m(I+(x)) ⊆ m(mI :R m) = mI,
where the last equality is due to Remark 2.3. Therefore we conclude that mI =m(I+(x)).
Now, by applying the determinantal trick (see, for example, [15, 1.8]), we deduce that x is
integral over I. Hence, since I is integrally closed, x belongs to I. This proves (mI :R m)⊆ I,
i.e. (mI :R m) = I and I is weakly m-full. 
Main results. Next we prove our main results, which are Theorem 2.5 and Theorem 2.8.
Along the way, we also observe a result concerning Tor-rigidity; see Proposition 2.6.
In the following ΩtR(M) denotes the t-th syzygy module of M, which is the image of
the t-th differential map in a minimal free resolution of M. Note that ΩtR(M) is uniquely
determined up to isomorphism, since so is a minimal free resolution ofM.
Theorem 2.5. Let (R,m) be a local ring, M be a finitely generated R-module, I and J be
ideals of R, and let t ≥ 0 be an integer. Assume the following conditions hold:
(i) Either J = R or J is m-primary, and J ·ΩtR(M) = 0.
(ii) soc(R)⊆ I ⊆m(J :R m).
If TorRt (M,R/I) = 0, then it follows that pdR(M)< t.
Proof. Note, if t = 0, then the assumption TorRt (M,R/I) = 0 impliesM= 0 so that we have
pdR(M) < t. Hence we assume t ≥ 1, and proceed by induction on the length ℓR(R/J) of
the R-module R/J.
If ℓR(R/J) = 0, then J = R so that J ·Ω
t
R(M) = Ω
t
R(M) = 0 and hence pdR(M) < t.
So we assume ℓ(R/J) ≥ 1. In particular, as J 6= R, we assume J is an m-primary ideal
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of R. Therefore we have 0 6= soc(R/J) = (J :R m)/J and hence J $ (J :R m). This im-
plies ℓR(R/J)− ℓR(R/(J :m)) = ℓR((J :R m)/J)≥ 1 so that ℓ(R/(J : m))< ℓ(R/J). Now
our aim is to replace the ideal J with (J :R m) and conclude by the induction hypothesis
that pdR(M) < t. For that we need to observe that the ideal (J :R m) satisfies the same
hypotheses as J does.
Claim 1. The ideal (J :R m) is m-primary or equals R.
Proof of Claim 1. The claim is clear since J is m-primary and J ⊆ (J :R m).
Claim 2. We have that I ⊆m((J :R m) :R m).
Proof of Claim 2. As J ⊆ (J :R m), it follows (J :R m) ⊆ ((J :R m) :R m) and hence that
I ⊆m(J :R m)⊆m((J :R m) :R m), as claimed.
Claim 3. We have that (J :R m) ·Ω
t
R(M) = 0.
Proof of Claim 3. Set N = ΩtR(M), and consider a minimal free resolution ofM:
F : · · · → Ft+1
∂t+1
−−→ Ft
∂t−→ Ft−1 → ··· → F0 → 0.
Then there is a short exact sequence of R-modules of the form:
(2.5.1) 0→ N
α
−→ Ft−1 →Ω
t−1
R (M)→ 0.
Asm(J :R m)⊆ J and J ·N = 0, we havemα((J :R m)·N) =α(m(J :R m)·N)⊆α(J ·N) = 0
so that α((J :R m) ·N)⊆ soc(R) ·Ft−1.
We tensor the short exact sequence (2.5.1) with R/I and obtain the exact sequence
TorR1 (Ω
t−1M,R/I) → N/I ·N
α⊗RR/I
−−−−→ Ft−1/I · Ft−1. We conclude, since Tor
R
t (M,R/I),
which is isomorphic to TorR1 (Ω
t−1M,R/I), vanishes, that α ⊗RR/I is injective.
As α((J :R m) ·N)⊆ soc(R) ·Ft−1 and soc(R)⊆ I, it follows that
(2.5.2) (α ⊗R R/I)
(
(J :R m)(N/I ·N)
)
⊆ soc(R)(Ft−1/I ·Ft−1) = 0.
It now follows from (2.5.2) that (J :R m)(N/IN) = 0, i.e., (J :R m)N ⊆ I ·N, because the
map α⊗R R/I is injective. This fact, along with our assumption I ⊆m(J :R m), yields
(2.5.3) I ·N ⊆m(J :R m) ·N ⊆ (J :R m) ·N ⊆ I ·N so that m(J :R m) ·N = (J :R m) ·N.
So (2.5.3) and Nakayama’s lemma implies (J :R m)·Ω
t
R(M) = 0, as claimed. Consequently,
in view of Claim 1, 2 and 3, we deduce by the induction hypothesis that pdR(M) < t. 
The hypothesis soc(R) ⊆ I in Theorem 2.5 is necessary; we point out that fact with
an example in Remark 2.7 but first we record a preliminary result which seems to be of
independent interest as it concerns Tor-rigidity. Recall that a finitely generated R-module
M is called Tor-rigid [1] provided that the vanishing of TorR1 (M,N) yields the vanishing of
TorR2 (M,N) for each R-module N.
Proposition 2.6. Let (R,m) be a local ring, which is not a field, and let I be a nonzero
ideal of R such that soc(R) * I (so that soc(R) 6= 0, or equivalently depth(R) = 0.) Let
y∈ R such that I
/∈
y ∈ soc(R). Then we have TorR1 (R/yR,R/I) = 0 6= Tor
R
2 (R/yR,R/I) and
pdR(R/yR) = ∞. In particular, the R-module R/yR is not Tor-rigid.
Proof. Notice, since m 6= 0 and y ·m= 0, we see that y cannot be a non zero-divisor on R.
Hence it is clear that pdR(R/yR) = ∞: otherwise, the ideal yR contains a non zero-divisor
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on R, which implies y is also a non zero-divisor on R; see [3, 1.2.7(2)] (one can also observe
(0 :R y) =m and hence it follows that yR∼= k.)
Now let x ∈ yR∩ I. Then it follows that I ∋ x= ay for some a ∈ R. If a /∈ m, then a is
unit and hence y ∈ I. Therefore, we see a ∈ m so that 0 = x = ay ∈ m · y = 0. Hence we
conclude yR∩ I = 0 so that TorR1 (R/yR,R/I) = 0. On the other hand, since 0 6= I 6= R, we
have that TorR2 (R/yR,R/I)
∼= TorR1 (yR,R/I)
∼= TorR1 (k,R/I) 6= 0. 
Remark 2.7. Let (R,m) be a local ring and let I be an ideal of R. Assume 0 6= soc(R)* I
and pick an element I
/∈
y ∈ soc(R). Following the notations of Theorem 2.5, we set
J = m, M = R/yR and t = 1 (e.g., let R = k[[x,y]]/(y2,xy), xR = I
/∈
y ∈ soc(R) = yR and
M = R/yR.) Then JΩM = 0 and I ⊆ m = mR = m(m :R m) = m(J :R m). However we
have TorR1 (R/yR,R/I) = 0 6= Tor
R
2 (R/yR,R/I) and pdR(R/yR) = ∞; see Proposition 2.6.
Next is the second main theorem of this paper: we use it along with Theorem 2.5 for the
proof of Corollary 2.10. As mentioned previously, Corollary 2.10 implies that the ideals
considered in Theorem 1.2 enjoy a Tor-rigidity property.
Theorem 2.8. Let (R,m) be a local ring, and let I and J be ideals of R. Assume the
following conditions hold:
(i) 0 6= I ⊆mJ.
(ii) (I :R J) is m-primary.
(iii) I is weakly m-full with respect to J, i.e., (I :R J) = (mI :R mJ).
If TorRt (M,R/I) = 0 for some finitely generated R-module M and some integer t ≥ 0, then
ΩtR(M) is annihilated by J, i.e., J ·Ω
t
R(M) = 0.
Proof. Note, if t = 0, then the assumption TorRt (M,R/I) = 0 impliesM= 0; hence we may
assume t > 0.
Let F : · · · → Ft+1
∂t+1
−−→ Ft
∂t−→ Ft−1 → ··· → F0 → 0 be an minimal free resolution ofM
over R. Tensoring F with R/I, we obtain the following complex over R/I:
F : · · · → F t+1
∂ t+1
−−→ Ft
∂ t−→ F t−1 → ··· → F0 → 0.
Note that, since TorRt (M,R/I) = 0, we have im(∂ t+1) = ker(∂ t). We proceed by establish-
ing the following claim.
Claim: J annihilates im(∂ t), i.e., J · im(∂ t) = 0.
Proof of the claim. Suppose the claim is not true, i.e., suppose J · im(∂ t) 6= 0, and look for
a contradiction.
First note that
J · im(∂ t) 6= 0=⇒ J · im(∂t) 6⊆ I ·Ft−1 =⇒ im(∂t)* (I :R J) ·Ft−1.(2.8.1)
The hypothesis 0 6= I ⊆mJ implies that (I :R J) 6= R; hence there exists an integer u≥ 1
such that mu ⊆ (I :R J) since (I :R J) is m-primary. Now, in view of (2.8.1), we can choose
such an integer u so that
m
u · im(∂t)⊆ (I :R J) ·Ft−1 and m
u−1 · im(∂t)* (I :R J) ·Ft−1.(2.8.2)
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Pick an element a ∈ Ft−1 such that (I :R J) ·Ft−1
/∈
a ∈mu−1 · im(∂t). Then it follows
ma⊆mu · im(∂t )⊆ (I :R J) ·Ft−1 =⇒mJ ·a⊆ I ·Ft−1 =⇒mJ ·a= 0 in F t−1.(2.8.3)
Moreover, we have
a ∈mu−1 · im(∂t)⊆ im(∂t) =⇒ a= ∂t(b) for some b ∈ Ft
=⇒ ∂t(mJ · b¯) =mJ ·∂t(b¯) =mJ ·a= 0 in F t−1
=⇒mJ · b¯⊆ ker(∂ t) = im(∂ t+1)
=⇒mJ ·b⊆ im(∂t+1)+ I ·Ft
=⇒ ∂t(mJ ·b)⊆ ∂t
(
im(∂t+1)+ I ·Ft
)
=⇒mJ ·∂t(b)⊆ I ·∂t(Ft)
=⇒mJ ·∂t(b)⊆mI ·Ft−1
=⇒mJ ·a⊆mI ·Ft−1
=⇒ a ∈ (mI :R mJ) ·Ft−1 = (I :R J) ·Ft−1,
which is a contradiction. This establishes the claim.
Now notice, in view of the claim, it follows that
∂ t(J ·Ft) = J ·∂ t(Ft) = J · im(∂ t) = 0=⇒ J ·Ft ∈ ker(∂ t) = im(∂ t+1)
=⇒ J ·Ft ⊆ im(∂t+1)+ I ·Ft
=⇒ J ·Ft =
(
im(∂t+1)+ I ·Ft
)
∩ (J ·Ft)(2.8.4)
=⇒ J ·Ft =
(
im(∂t+1)∩ (J ·Ft)
)
+ I ·Ft ,
where the last implication in (2.8.4) is due to the modular law since I ⊆ mJ ⊆ J. On the
other hand, we have
(
im(∂t+1)∩ (J ·Ft)
)
+ I ·Ft ⊆
(
im(∂t+1)∩ (J ·Ft)
)
+m · (J ·Ft)⊆ J ·Ft .(2.8.5)
Therefore, by (2.8.4) and (2.8.5), we conclude
J ·Ft =
(
im(∂t+1)∩ (J ·Ft)
)
+m · (J ·Ft) =⇒ J ·Ft = im(∂t+1)∩ (J ·Ft)
=⇒ J ·Ft ⊆ im(∂t+1) = ker(∂t)
=⇒ ∂t(J ·Ft) = 0(2.8.6)
=⇒ J ·∂t(Ft) = J ·Ω
t
R(M) = 0.
Here, in (2.8.6), the first implication follows from Nakayama’s lemma. 
Some corollaries of Theorems 2.5 and 2.8. This subsection contains corollaries of our
main results, Theorems 2.5 and 2.8, with Corollary 2.10 being the primary workhorse.
Corollary 2.11 establishes the claim of Theorem 1.2 and Corollary 2.14 lists two new
classes of ideals which satisfy the torsion conclusion of Conjecture 1.1. We start with a
remark needed for the proof of Corollary 2.10.
Remark 2.9. Let (R,m) be a local ring, and let I and J be ideals of R such that I ⊆ J. Then
the following conditions are equivalent:
(i) J is m-primary and (I :R J) is m-primary.
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(ii) I is m-primary.
It is clear, since I ⊆ J and I ⊆ (I :R J), that (ii) implies (i). On the other hand, if (I :R J) is
m-primary, then miJ ⊆ I for some i ≥ 1. Hence, if J = R, then I is m-primary. Moreover,
if J 6= R but J is m-primary, then m j ⊆ J and so mi+ j ⊆miJ ⊆ I, i.e., I is m-primary.
The first corollary we give is the main consequence of our argument:
Corollary 2.10. Let (R,m) be a local ring, and let I and J be ideals of R. Assume:
(i) I is weakly m-full with respect to J, i.e., (I :R J) = (mI :R mJ).
(ii) I is m-primary and 0 6= I ⊆mJ.
(iii) soc(R)⊆ I (e.g., depth(R)> 0).
If TorRt (M,R/I) = 0 for some finitely generated R-module M and some integer t ≥ 0, then
it follows that pdR(M) < t.
Proof. It follows from Theorem 2.8 that J ·ΩtM = 0. Also we see 0 6= I ⊆mJ ⊆m(J :R m)
since 0 6= I⊆mJ. Hence the conclusion follows from Theorem 2.5 since both J and (I :R J)
are m-primary ideals; see Remark 2.9. 
Corollary 2.10, in view of [5, 2.11, 2.13 and 2.15], yields a prompt proof for Theorem
1.2. Here we include an argument for the completeness and the convenience of the reader,
and establish the claim of Theorem 1.2 in Corollary 2.11.
In the proofs of Corollaries 2.11 and 2.12, TrR(I) denotes the Auslander transpose of
the ideal I of the ring R; see [1, 2.5].
Corollary 2.11. Let (R,m) be a local ring, and let I and J be ideals of R. Assume R is not
regular and depth(R) = 1. Assume further 0 6= I ⊆ mJ and I is weakly m-full with respect
to J, i.e., (I :R J) = (mI :R mJ). Then I⊗R I
∗ has (nonzero) torsion.
Proof. First note that I⊗R I
∗ 6= 0: if I⊗R I
∗ = 0, then, since I 6= 0, we see I∗ = 0. However,
this is equivalent to I being a torsion R-module, which forces I = 0 as I is a torsion-free
R-module. Therefore we have that I⊗R I
∗ 6= 0.
Next suppose I⊗R I
∗ is torsion-free. Then, as TorR1 (R/I, I
∗) is torsion, by tensoring
the short exact sequence 0→ I → R→ R/I → 0 with I∗ over R, we see TorR1 (R/I, I
∗) =
0. Hence it follows from Corollary 2.10 that pdR(I
∗) < 1, i.e., I∗ is free. This im-
plies I has rank so that TrR(I)p = 0 for each associated prime ideal p of R. Conse-
quently, Ext1R(TrR(I),R) is a torsion R-module which vanishes due to the exact sequence:
0→ Ext1R(TrR(I),R)→ I → I
∗∗ → Ext2R(TrR(I),R); see [1, 2.6(a)]. Furthermore, since
pdR(TrR(I)) ≤ 1, we conclude that Ext
2
R(TrR(I),R) = 0. Therefore, I
∼= I∗∗ and thus I is
a free R-module. However this, along with Corollary 2.10, implies that R is regular. So
I⊗R I
∗ has (nonzero) torsion. 
It seems worth noting that, if R is a local ring of positive depth and I is an ideal as in
Corollary 2.10, then the vanishing of a single ExtiR(I, I) or Tor
R
i (I, I) forces R to be regular.
Corollary 2.12. Let (R,m) be a local ring such that depth(R)> 0 and R is not regular. Let
I and J be ideals of R such that 0 6= I ⊆mJ and (I :R J) = (mI :R mJ). Then it follows that
ExtiR(I, I) 6= 0 6= Tor
R
i (I, I) for each i≥ 0.
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Proof. Note, as R is not regular, the claim about the non-vanishing of TorRi (I, I) is due to
Corollary 2.10.
Now suppose ExtnR(I, I) = 0 for some n ≥ 1, i.e., Ext
1
R(Ω
n−1
R (I),ΩR(R/I)) = 0. Hence
[6, 2.6(i)] implies that TorR2 (TrR(ΩR(Ω
n−1
R (I))),R/I) = 0, i.e., Tor
R
2 (TrR(Ω
n
R(I)),R/I) van-
ishes. This shows that pdR(TrR(Ω
n
R(I))) < 2; see Corollary 2.10. We know, as syzygy
modules are torsionless, that Ext1R(TrR(Ω
n
R(I)),R) = 0. Therefore TrR(Ω
n
R(I)) is free. Con-
sequently ΩnR(I) is free, i.e., pdR(I) < ∞. However this would imply that R is regular; see
Corollary 2.10. 
Our next aim is to state two new classes of ideals in Corollary 2.14 that satisfy the
torsion conclusion of Conjecture 1.1; such ideals are also Tor-rigid and can be used to
test the finiteness of the projective dimenison of modules via the vanishing of Tor. The
following lemma plays an important role for the proof.
Lemma 2.13. Let (R,m) be a local ring, and let I and J be ideals of R such that 0 6= I=mJ.
Let K be an ideal of R such that J ⊆ K ⊆ (I :R m). Then it follows that I is weakly m-full
with respect K and (I :R K) =m.
Proof. Note that we have I =mJ ⊆mK ⊆m(I :R m) hold. Moreover, it follows that
m(I :R m) =m(mJ :R m) =mJ = I.
Here the second equality is due to Remark 2.3. Therefore we see that I = mK. Since I is
nonzero, we obtain m ⊆ (I :R K) 6= R, i.e., (I :R K) = m. As the equality m = (mI :R I)
holds by definition, we conclude (I :R K) = m= (mI :R I) = (mI :R mK). This shows that
I is weakly m-full with respect to K. 
Part (ii) and part (iv) of Corollary 2.14 are due to Celikbas, Goto, Takahashi and
Taniguchi [5, 2.17], and Celikbas and Takahashi [7, 1.5], respectively. Here we estab-
lish the claims in part (i) and part (iii) of the corollary as a consequence of our argument,
and record parts (ii) and (iv) for the completeness; note that part (i) is an extension of part
(ii), and part (iii) is an extension of part (iv).
Corollary 2.14. Let (R,m) be a non-regular local ring such that depth(R) > 0, and let I
be an ideal of R satisfying at least one of the following conditions:
(i) I is m-primary, weakly m-full with respect to ms for some s≥ 0, and I ⊆ms+1.
(ii) I is m-primary and weakly m-full.
(iii) I =mJ for some m-primary ideal J of R.
(iv) I =ms for some s≥ 1.
Then the following hold:
(a) If TorRt (M,R/I) = 0 for some finitely generated R-module M and some integer t ≥ 0,
then it follows that pdR(M) < t.
(b) If R is a one-dimensional domain, then I⊗R I
∗ has (nonzero) torsion.
Proof. Note that, I is m-primary in each case; in particular, I is nonzero and proper. Note
also that, since depth(R)> 0, we have soc(R) = 0. Hence part (i) follows from Corollaries
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2.10 and 2.11. Part (ii) is a special case of part (i), namely the case where s= 0. Similarly
part (iv) is a special case of part (iii), which we establish next.
Assume I = mJ for some m-primary ideal J of R and set K = (I :R m). Then Lemma
2.13 implies that K 6= 0 and I is weakly m-full with respect K. Moreover, it follows from
Remark 2.3 that I = mJ = m(mJ :R m) = m(I :R m) = mK. So the claims follow from
Corollaries 2.10 and 2.11. 
If we consider the ideals stated in parts (i) and (iii) of Corollary 2.14 over local rings
R which do not necessarily have positive depth, then we can conclude, by the vanishing
of TorRt (M,R/I) for some finitely generated R-moduleM and some integer t ≥ 0, that the
syzygy module ΩtR(M) is annihilated by a power of the maximal ideal, or by the ideal
(I :R m). This result does not directly address Conjecture 1.1, but we prove it here as it
may be helpful for a further separate study of the class of ideals in question.
Corollary 2.15. Let (R,m) be a local ring, I an ideal of R and let M be a finitely generated
R-module such that TorRt (M,R/I) = 0 for some integer t ≥ 0.
(i) If I is m-primary, weakly m-full with respect to ms for some s≥ 0, and 0 6= I ⊆ms+1,
then it follows that ms ·ΩtR(M) = 0.
(ii) If I =mJ for some ideal J of R, then it follows that (I :R m) ·Ω
t
R(M) = 0.
Proof. For part (i), note that (I :R m
s) is m-primary since I ⊆ (I :R m
s). Hence, setting
J =ms, we conclude from Theorem 2.8 that J ·ΩtR(M) =m
s ·ΩtR(M) = 0.
For part (ii), set, as in Corollary 2.14, that K = (I :R m). If I = 0, then K = soc(R) and
hence the equality K ·ΩtR(M) = 0 holds since Ω
t
R(M)⊆mF for some free R-module F . So
we assume I 6= 0. Then Lemma 2.13 implies that I is weaklym-full with respect K and the
ideal (I :R K) is m-primary, more precisely (I :R K) = m. Therefore Theorem 2.8 shows
that 0= K ·ΩtR(M) = (I :R m) ·Ω
t
R(M). 
3. SOME RELATIONS BETWEEN WEAKLY m-FULL AND BURCH IDEALS
The article [9] introduces and studies a class of ideals, called Burch ideals, over local
rings. We recall the definition of such ideals next:
Definition 3.1. ([9]) Let (R,m) be a local ring and let I be an ideal of R. Then I is called
Burch provided that (I :R m) 6= (mI :R m), i.e., (I :R m)* (mI :R m).
The definition of a Burch ideal is simple, but as shown in [9], Burch ideals enjoy re-
markable ideal-theoretic and homological properties. For example, it is known that, if I is a
Burch ideal in a local ring R, then one has depth(R/I) = 0; see [9, 2.1]. On the other hand,
if I is a weakly m-full ideal of R such that depth(R/I) = 0, then it follows that I is Burch;
see [9, 2.4]. We give several examples of Burch ideals in section 4 and, in passing, we
record a relation between Burch ideals and weakly m-full ideals with respect to (I :R m).
Remark 3.2. Let (R,m) be a local ring and let I be an ideal of R. Then the following
conditions are equivalent:
(i) I is weakly m-full with respect to (I :R m), i.e.,
(
I :R (I :R m)
)
=
(
mI :R m(I :R m)
)
.
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(ii) I is Burch or depth(R/I)> 0.
The equivalence of (i) and (ii) follows from these facts, which can be checked directly:
(1) m⊆
(
I :R (I :R m)
)
(2) m=
(
I :R (I :R m)
)
if and only if depth(R/I) = 0.
(3) I is Burch if and only if (I :R m) 6= (mI :R m) if and only if
(
mI :R m(I :R m)
)
6= R. 
If (R,m) is a local ring such that depth(R) > 0, then an m-primary ideal I, which is
weaklym-full, is Tor-rigid in the sense that, if TorRt (M,R/I) = 0 for some finitely generated
R-module M and some integer t ≥ 0, then it follows that pdR(M) < t; see [8, 3.3] or [5,
2.10]. A similar Tor-rigidity property, albeit one that requires the vanishing of two Tor
modules, was obtained by L. Burch for Burch ideals:
Theorem 3.3. ([4, Theorem 5(ii), page 949]) Let (R,m) be a local ring and let I be an
ideal of R. Assume I is Burch. If TorRt (M,R/I) = 0 = Tor
R
t+1(M,R/I) for some finitely
generated R-module M and some integer t ≥ 0, then pdR(M) ≤ t.
In view of the fact that there are Burch ideals which are not weakly m-full (see, for
example, Examples 4.3 and 4.4), the foregoing discussion raises the following question:
Question 3.4. Let (R,m) be a local ring and let I be an ideal of R. Assume depth(R)> 0.
Assume further I is m-primary and Burch. If TorRt (M,R/I) = 0 for some finitely generated
R-moduleM and some integer t ≥ 0, then does it follows pdR(M)< ∞?
Question 3.4 simply asks whether it is possible to improve Theorem 3.3 when the ring
considered has positive depth and the Burch ideal in question is m-primary. We do not
know whether or not Question 3.4 is true in general, but the positive depth assumption is
necessary for the question; see Example 4.1. It is worth noting that an affirmative answer
to Question 3.4 implies that each Burch ideal satisfies the torsion conclusion of Conjecture
1.1; see the proof of Corollary 2.11.
Note that, Corollary 2.14(iii) provides an affirmative answer to Question 3.4 for a class
of Burch ideals, namely for nonzero ideals of the form mJ for some ideal J of R; see [9,
2.2 (2)]. The aim of this section is to prove Proposition 3.8, which shows that the ideals
considered in Theorem 1.2 are Burch ideals. Consequently, Proposition 3.8, in conjunction
with Corollary 2.10, yield another affirmative answer to Question 3.4 for a special class of
Burch ideals: more precisely, we see that the class of Burch ideals considered in Theorem
1.2 satisfy the projective dimension conclusion of Question 3.4.
Next we recall the definition of Loewy length and then prepare a lemma for our proof
of Proposition 3.8.
Definition 3.5. Let (R,m) be a local ring, I be an ideal of R, and let M be an R-module.
Then the Loewy length ℓℓ(M) ofM is inf{s |ms ·M = 0}.
Lemma 3.6. If I and J are ideals in a local ring (R,m), then the following hold:
(i) ℓℓ
(
R/(I :R J)
)
= inf{s |ms · J ⊆ I}.
(ii) If J 6⊆ I, then ℓℓ
(
R/(I :R J)
)
= ℓℓ
(
R/(I :R mJ)
)
+ 1= ℓℓ
(
R/
(
(I :R m) :R J
))
+ 1.
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(iii) If J 6⊆ I, (I :R J) is m-primary, and ℓℓ
(
R/(mI :R J)
)
= ℓℓ
(
R/(I :R J)
)
+ 1, then I is
Burch.
Proof. Part (i) follows by the definition of Loewy length.
We assume, for part (ii), that J 6⊆ I. Then note that:
ℓℓ
(
R/(I :R mJ)
)
= inf{t |mt · (mJ)⊆ I}= inf{u |mu · J ⊆ (I :R m)}
=ℓℓ
(
R/
(
(I :R m) :R J
))
.
Moreover, it follows that:
m
s · J ⊆ I if and only if ms−1 · (mJ)⊆ I if and only if ms−1 · J ⊆ (I :R m).
These observations establish part (ii).
For part (iii), we assume J 6⊆ I and note:
inf{s |ms · J ⊆ I}= ℓℓ
(
R/(I :R J)
)
=ℓℓ
(
R/
(
(I :R m) :R J
))
+ 1(3.6.1)
= inf{r |mr · J ⊆ (I :R m)}+ 1.
Here, in (3.6.1), the first equality follows from part (i) and the second equality is due to
part (ii).
As J 6⊆ I, we have that J 6⊆ mI; therefore we can use parts (i) and (ii) and obtain the
equalities stated in (3.6.1) for the pair (mI,J):
inf{s |ms · J ⊆mI}= ℓℓ
(
R/(mI :R J)
)
=ℓℓ
(
R/
(
(mI :R m) :R J
))
+ 1(3.6.2)
= inf{r |mr · J ⊆ (mI :R m)}+ 1.
Now we assume (I :R J) is m-primary, and ℓℓ
(
R/(mI :R J)
)
= ℓℓ
(
R/(I :R J)
)
+ 1. Then,
inf{r |mr · J ⊆ (mI :R m)}=ℓℓ
(
R/(mI :R J)
)
− 1(3.6.3)
=ℓℓ
(
R/(I :R J)
)
= inf{r |mr · J ⊆ (I :R m)}+ 1
The first and the third equality follows from (3.6.2) and (3.6.1), respectively; while the sec-
ond equality is due to our assumption. Note that, since (I :R J) is m-primary, the infimum
of both sets in (3.6.3) are finite integers. Hence (3.6.3) shows that (I :R m) 6= (mI :R m),
i.e., I is Burch. 
We note and record, by letting J = R in Lemma 3.6(ii), a criterion for an m-primary
ideal to be Burch:
Remark 3.7. Let (R,m) be a local ring and let I be an ideal of R. If I is m-primary and
ℓℓ(R/mI) = ℓℓ(R/I)+ 1, then I is Burch.
We are now ready to prove that the class of ideals considered in Theorem 1.2 is con-
tained in that of Burch ideals.
Proposition 3.8. Let (R,m) be a local ring, and let I and J be ideals of R such that
(i) 0 6= I ⊆mJ.
(ii) (I :R J) is m-primary.
(iii) I is weakly m-full with respect to J, i.e., (I :R J) = (mI :R mJ).
12 O. CELIKBAS AND T. KOBAYASHI
Then I is Burch.
Proof. Note, since 0 6= I ⊆mJ, it follows from Nakayama’s lemma that J 6⊆ I; in particular
we have that J 6⊆ mI. Hence, in view of Lemma 3.6(ii) applied to the pair (mI,J), we
obtain ℓℓ
(
R/(mI :R J)
)
= ℓℓ
(
R/(mI :R mJ)
)
+ 1. So, as we assume (I :R J) = (mI :R mJ),
we conclude that ℓℓ
(
R/(mI :R J)
)
= ℓℓ
(
R/(I :R J)
)
+ 1. Consequently, since (I :R J) is
m-primary, 3.6(iii) implies that I is Burch. 
We finish this section by proving that the hypothesis 0 6= I ⊆mJ in Proposition 3.8 can
be relaxed for certain ideals J. More precisely, we prove in Proposition 3.9 that, if J =ms
for some s with 0≤ s< ℓℓ(R/I) and I is an ideal such that I is weakly m-full with respect
to J and (I :R J) is m-primary (or equivalently I is m-primary; see Remark 2.9), then I
is Burch. Our motivation for proving Proposition 3.9 also comes from our argument in
section 4; see Example 4.5.
Proposition 3.9. Let (R,m) be a local ring and let I be an m-primary ideal of R. If I is
weakly m-full with respect to ms, i.e., (I :R m
s) = (mI :R m
s+1), for some integer s where
0≤ s< ℓℓ(R/I), then I is Burch.
The assertion of Proposition 3.9 follows by Lemma 3.6(iii) and the following result:
Lemma 3.10. Let (R,m) be a local ring and let I be an m-primary ideal of R. Then the
following conditions are equivalent:
(i) The equality ℓℓ(R/mI) = ℓℓ(R/I)+ 1 holds.
(ii) (I :R m
s) = (mI :R m
s+1) where s= ℓℓ(R/I)− 1.
(iii) (I :R m
s) = (mI :R m
s+1) for some integer s where 0≤ s< ℓℓ(R/I).
Proof. Assume part (i) holds and set s = ℓℓ(R/I)− 1. Then it follows that ms 6⊆ I and
ms+1 ⊆ I. This shows m⊆ (I :R m
s) 6= R, i.e., (I :R m
s) = m. So we see m= (I :R m
s) ⊆
(mI :R m
s+1). As ℓℓ(R/mI) = ℓℓ(R/I)+ 1 = s+ 2, we have ms+1 6⊆ mI so that (mI :R
ms+1) 6= R. This implies that (I :R m
s) =m= (mI :R m
s+1), and hence establishes part (ii).
It is clear that part (ii) implies part (iii). Hence we assume part (iii), i.e., assume the
equality (I :R m
s) = (mI :R m
s+1) holds for some s where 0≤ s< ℓℓ(R/I), and proceed to
prove part (i).
As I 6= R, it follows from Lemma 3.6(ii) that ℓℓ(R/I) = ℓℓ(R/(I :R m))+ 1. Note that,
if mr ⊆ I for some r, where 0 < r < ℓℓ(R/I), then the equality ℓℓ(R/mI) = ℓℓ(R/I)+ 1
holds by the definition of Loewy length. So, for all r = 1, . . . , ℓℓ(R/I)− 1, we assume
mr * I. Hence a repeated application of Lemma 3.6(ii) yields ℓℓ(R/I)= ℓℓ(R/(I :ms))+s.
Similarly we obtain ℓℓ(R/mI) = ℓℓ(R/(mI :ms+1))+ s+ 1. Consequently, since we have
(I :R m
s) = (mI :R m
s+1), we conclude that the equality ℓℓ(R/mI)= ℓℓ(R/I)+1 holds. 
4. SOME EXAMPLES OF (NON)WEAKLY m-FULL IDEALS
This section is devoted to some examples that corroborate and complement our results
from section 3. For example, we construct examples of Burch ideals which are not weakly
m-full, but are weaklym-full with respect tom andm3; see Examples 4.3 and 4.4. We start
by showing that the depth assumption in Theorem 2.8 and Corollary 2.12 is necessary:
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Example 4.1. Let R = k[x,y]/(x,y)3 and consider the ideal I = ym = (xy,y2) of R. It
follows from Lemma 2.13 that I is weakly m-full with respect to (I :R m), which is (y,x
2).
Note that I is Burch by [9, Example 2.2 (2)]. On the other hand, setting the ideal L= (x2)
andM = R/L, we see I∩L= 0= IL so that TorR1 (R/I,M) = 0. However pdR(M) = ∞, i.e,
M is not free. 
Recall that it is proved in [5, 2.17] and [7, 1.5] that proper weakly m-full ideals and
powers of the maximal ideal, respectively, satisfy the torsion conclusion of Conjecture 1.1;
see Corollary 2.14. It is clear that not every weakly m-full ideal is a power of the maximal
ideal; for example, a non-maximal prime ideal is such an example. It seems worth pointing
out the converse, i.e., a power of the maximal ideal need not be weakly m-full, in general.
Example 4.2. Let R= k[[t4, t5, t11]]∼= k[[x,y,z]]/(x4−yz,y3−xz,z2−x3y2) be the numerical
semigroup ring. One can check that m2
/∈
z ∈ (m3 :R m). Hence m
2 is not a weakly m-full
ideal of R. 
Next we give examples of non-weakly m-full Burch ideals which are weakly m-full
with respect to a power of m. More precisely, in Example 4.3, we construct an ideal which
is Burch and weaklym-full with respect tom, but is not weaklym-full. Similarly, Example
4.4 yields a Burch ideal which is weaklym-full with repsect tom3, but is not weaklym-full
(Recall that, if I is a weaklym-full ideal, then I is weaklym-full with respect tomi for each
i≥ 0; see Remark 2.2.)
Example 4.3. Let S = k[[x,y,z,w]] and let a= (w2,wy,wz2,x2,xy2,xz,y3,zy2,yz2,z3). Let-
ting n denote the maximal ideal of S, one can check that the following hold:
(i) The given generating set for the ideal a is a minimal generating set.
(ii) n3 ⊆ a⊆ n2.
(iii) a
/∈
wx ∈ (na :R n) so that a is not weakly n-full.
(iv) n2 ⊆ (a :R n)⊆ (na :R n
2).
In fact we have that (na :R n
2) = n2, i.e., (na :R n
2)⊆ n2 so that a is weakly n-full with
respect to n. To see this suppose (na :R n
2) * n2, and seek a contradiction. Hence there
exists l ∈ S such that n2
/∈
l ∈ n and ln2 ⊆ na. We can write l = aw+ bx+ cy+ dz+ l′ for
some a,b,c,d ∈ k and for some l′ ∈ n2. As, ln2 ⊆ na, setting l′′ = aw+ bx+ cy+ dz, we
deduce that l′′n2 ⊆ na. In particular, na ∋ l′′z2 = awz2+ cyz2+ dz3 (note xz2 ∈ na). Since
wz2,yz2,z3 do not belong to the ideal na (they are part of a minimal generating set of a),
we conclude a = c= d = 0 so that l′′ = bx. This implies that na ∋ l′′y2 = bxy2. Since xy2
does not belong to the ideal na, we conclude that b= 0. However, then l = l′′ ∈ n2, which
is a contradiction. Therefore we have (na :R n
2) = n2.
Now we consider the ring R= k[[t256, t257, t260, t272]], which is isomorphic to S/J, where
J = (z4− x3w,y4− x3z,x17−w16). Note that J ⊆ n4 ⊆ na ⊆ a. Therefore, setting I = a/J
and m= n/J, we have I = a/J 6= (na :S n)/J = (mI :R m) and also
(na :S n
2) = (a :S n) =⇒ (mI :R m
2) = (na :S n
2)/J = (a :S n)/J = (I :R m).
Consequently, I is an ideal of R which is is not weakly m-full, but is weakly m-full with
respect to m. Note also that I is Burch; see Proposition 3.8. 
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Example 4.4. Let R = k[[x,y]] and let I = (x5,x3y,xy3,y5). Then I is m-primary since
m5 $ I $ m4. Moreover one can check that (I :R m3) = m2 = (mI :R m4). Therefore, I is
weaklym-full with respect to m3. However, since I
/∈
x2y2 ∈ (mI :R m), we conclude that I
is not a weakly m-full ideal. Furthermore, as ℓℓ(R/I) = 5, it follows from Proposition 3.8
that I is Burch. 
If I is an m-primary ideal of a local ring (R,m) such that (I :R m
s) 6= (mI :R m
s+1) for
some integer s> 0, then I is not necessarily weakly m-full and not necessarily weakly m-
full with respect to ms, in general. Furthermore, such an ideal I may be Burch and may be
weakly m-full with respect to ms+1. We finish this section by addressing these properties
with an example where s= 3. More precisely, we give an example of a Burch ideal I such
that I is not weakly m-full but is weakly m-full with respect to m3, (I :R m
3) 6= (mI :R m
4)
and (I :R m
4) = (mI :R m
5).
Example 4.5. Let R = k[[t4, t5, t6]] and let I = (t17, t19, t20). Then m3 = (t12, t13, t14, t15),
m4 = (t16, t17, t18, t19) and mI = (t21, t22, t23, t24). Note I
/∈
t18 = t6 · t12 ∈ t6m3 so that
we have t6 /∈ (I :R m
3). On the other hand, it follows t6m4 = (t22, t23, t24, t25) ⊆ mI, i.e.,
t6 ∈ (mI :R m
4). Therefore we have that (I :R m
3) 6= (mI :R m
4). Hence, I is not weakly
m-full with respect to m3. Furthermore Remark 2.2 shows I is not a weakly m-full ideal.
One can observe that m5 $ I $ m4. Hence m ⊆ (I :R m4) 6= R, i.e., (I :R m4) = m.
Moreover, t16 ∈m4 and t4 ∈ R so that t20 ∈m5, but t20 /∈mI, i.e.,m5 *mI. Thus it follows
m⊆ (mI :R m
5) 6= R and so (I :R m
4) =m= (mI :R m
5). Consequently, I is weakly m-full
with respect to m4. As ℓℓ(R/I) = 5, we conclude by Proposition 3.9 that I is Burch. 
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